Chaotic lag synchronization is a subtle dynamical phenomenon in which the states of two mutually coupled, nonidentical chaotic oscillators follow each other with a fixed time delay. We investigate to what extent lag synchronization can be observed in laboratory experiments. Our measurements indicate that due to the influence of noise, lag synchronization appears to occur intermittently in time. Numerical confirmation and a heuristic explanation to the observed intermittent behavior are given.
Introduction
Synchronization is a fundamental phenomenon in nature. It has been recognized since 1983 that synchronization can occur in chaotic systems [Fujisaka & Yamada, 1983; Afraimovich et al., 1986; Pecora & Carroll, 1990; Chua et al., 1993; Heagy et al., 1994; Pecora et al., 1997] . It was, however, first suggested by Pecora and Carroll [1990] that synchronous chaos could be utilized for nonlinear digital communication [Parlitz et al., 1992; Cuomo & Oppenheim, 1993; Cuomo et al., 1993] , although it turns out that the issue of security of such a communication scheme is rather subtle [Short, 1994 [Short, , 1996 . Synchronization in chaotic systems has since received a tremendous amount of attention and it still remains to be one of the most active research areas in chaotic dynamics [Ditto & Showalter, 1997] .
Recently, a more delicate class of chaotic synchronization phenomena has been discovered and analyzed [Rosenblum et al., 1996; Pikovsky et al., 1997; Rosenblum et al., 1997] . These are the phase and lag synchronizations of coupled chaotic systems. In particular, consider two slightly different chaotic oscillators described by: dx 1 /dt = F 1 (x 1 ) and dx 2 /dt = F 2 (x 2 ), where both x 1 (t)a n dx 2 (t) are d-dimensional vectors and F 1 ≈ F 2 . When the trajectories x 1 (t)a n dx 2 (t) correspond to some rotational motion in the phase space, one can define 1 the corresponding phase variables φ 1 (t)a n dφ 2 (t) . If there is no interaction between the two oscillators, the phase variables φ 1 (t)a n dφ 2 (t) are completely uncorrelated and, hence, there is a normal diffusion in the random variable ∆φ(t) . If, however, a small coupling between the two oscillators is present, phase synchronization can occur in the sense that |∆φ(t)| is bounded between 0 and 2π. When the coupling is strong, complete synchronization bewteen x 1 (t)a n dx 2 (t) occurs, i.e. lim t→∞ |x 1 (t) − x 2 (t)|→0. However, before a complete synchronization can be achieved, there can be a regime of values of the coupling parameter in which x 1 (t) does not synchronize with x 2 (t) but, instead, it synchronizes with x 2 (t + τ ), where τ = 0 is a time delay depending on some parameters that characterize the mismatch between the two oscillators. As such, lag synchronization cannot be observed if the two oscillators are completely identical. Since it is not possible to have identical nonlinear oscillators in realistic situations, it was speculated that lag synchronization would be typical in systems of coupled chaotic oscillators .
Phase synchronization has been observed experimentally . In a recently published short note [Taherion & Lai, 1999] , we have addressed to what extent lag synchronization can be observed in laboratory experiments. Specifically, we have performed a series of experiments, using electronic circuits that replicate the dynamics of the chaotic Rössler oscillator [Rössler, 1979] , to detect lag synchronization. What has typically been observed in experiments is that the timedelayed variables of one oscillator tend to follow the variables of another oscillator intermittently in time in some range of the coupling strength. In particular, if one measures the difference ∆x τ (t) ≡|x 2 (t + τ )−x 1 (t)| with τ chosen to minimize the root-meansquare, normalized average value of ∆x τ (t), one observes that ∆x τ (t) tends to exhibit intermittency with frequent large bursts away from zero. Increasing the coupling strength often leads to a transition to complete synchronization, i.e. |x 1 (t)−x 2 (t)|→0. We speculate that the inevitable presence of small random disturbance during the experiments may be a key factor that obstructs the observation of sustained lag synchronization, a phenomenon which relies on a precise timing between the dynamics of the coupled oscillators. We have also performed numerical computations to investigate the influence of small random noise on lag synchronization. Our analyses suggest that lag synchronization is destroyed when the noise level is larger than or comparable to the amount of the average mismatch between the two chaotic oscillators. At small noise levels, lag synchronization appears in an intermittent fashion over many orders of magnitude of the noise amplitude, a result that is consistent with our experimental observation. Since some of these results have been summarized in our short note [Taherion & Lai, 1999] , the emphasis of this paper will be on experimental analysis of the lag synchronization phenomenon using the unidirectionally coupling scheme.
In Sec. 2, we describe our experimental system. In Sec. 3, we present experimental results with a pair of Rössler oscillators oscillators, coupled unidirectionally. Numerical results are briefly described in Sec. 4. A conclusion is presented in Sec. 5.
Experimental Setup
Our experiments are conducted using a pair of electronic oscillators whose dynamics mimic that of the chaotic Rössler attractor. To have robust chaos for individual oscillators, we construct the circuits so that they contain components for which the voltage-current relations are piecewise-linear [Carroll, 1994] . Figure 1 shows a schematic diagram for one of the experimental circuits that we constructed: two unidirectionally coupled Rössler oscillators. To stipulate nonidentity of the two chaotic oscillators, R 1 and R 2 in the circuit are chosen to have slightly different values of resistance. The typical oscillating frequencies of the circuits are in the audio frequency range. We use a simple linear scheme for coupling between the two oscillators, i.e. terms such as ±ε(x 2 −x 1 ), in the form of voltage, are applied to the derivatives of the x-variables in one or both circuits, where ε is a parameter characterizing the coupling strength. In the experiments, ε can be changed systematically with the accuracy of 0.5% of the change. The electronic components in each circuit are carefully chosen, and the circuits are assembled on high-quality printed-circuit boards in order to minimize the effect of internal and environmental noise. Both oscillators and the coupling circuits are operated by a low-ripple and low-noise power supply (HPE3631A). The voltages from x, y and z are recorded by using a 12-bit data acquisition board (DAS1800AO, Keithley) at the sampling frequency of 100 kHz. The noise voltage of the circuit is measured by having the circuit operated in a steady state. The noise level is defined to be the ratio of the root-mean-square values of the noise to that of the chaotic signal.
To quantify lag synchronization, we use the following similarity function defined with respect to one dynamical variable, say x, of the chaotic oscillators 
where τ is the lag time. Let S min be the minimum value of S(τ )andletτ min be the amount of lag when S min is achieved. Lag synchronization between the two oscillators is characterized by the conditions S min =0a n dτ min = 0, while complete synchronization is by S min =0a ndτ min = 0. Numerically, in the absence of noise, as the coupling strength is increased, one observes the transition from asynchronous chaos to lag synchronization and then to complete synchronization . Let ε s be the critical value of ε at which S min reaches zero, and let ε τ be the ε value at which τ min becomes zero. In order to be able to observe lag synchronization, one must have ε s <ε τ , so that lag synchronization occurs in the parameter interval [ε s ,ε τ ]. However, if ε τ <ε s , no lag synchronization can be observed because the lag time has already become zero before synchronization occurs (S min =0).
Experimental Results
A pair of unidirectionally coupled oscillators can be described, mathematically, as follows where x and y are the sets of dynamical variables of the two oscillators. The unidirectional coupling scheme is equivalent to the master-slave type of coupling because there is no influence, say, from y to x. The unidirectionally coupling scheme is actually quite representative of coupled nonlinear oscillators in general, because there always exists a mathematical change of coordinates to transform a pair of mutually coupled (bidirectionally coupled) oscillators into a pair of unidirectionally coupled ones, at least locally near the state of synchronization [Josić, 1998 ].
For the unidirectionally coupling scheme in our experiment, the differential equations describing the circuit are
where
The parameters in Eq. (3) are as follows: α =0 .5, β =1 ,γ =0 .05, a 1 =0 .113, a 2 =0 .129, and µ = 15. The uncertainties in these parameters are about ±5%. The resistors R 1 and R 2 in the circuit are chosen to be 75 kΩ and 67 kΩ, respectively, to ensure a systematic parameter mismatch between the two Rössler circuits. This difference corresponds to approximately 10% difference in the parameters a 1 and a 2 in Eq. (3). When the coupling is weak, the dynamics of both oscillators are uncorrelated so that there is no synchronization. Figures 2(a) and 2(b) show x 1 (t) versus x 2 (t)a n dx 1 (t) versus x 2 (t + τ min ), respectively, for ε =0 .015. The spread of points away from the diagonal line, i.e. the synchronization state x 1 (t)=x 2 (t), in both plots indicates that there is neither lag synchronization nor complete synchronization. As the coupling is increased, the dynamical variables of the two chaotic circuits tend to follow each other, and lag synchronization begins to appear. Figures 3(a) and 3(b) show x 1 (t) versus x 2 (t)a n dx 1 (t) versus x 2 (t + τ min ), respectively, for ε =0.023. The apparently random spread of points around the elliptical pattern in Fig. 3(a) is due to two factors: (1) the oscillations are chaotic; and (2) there is noise present. The effect of chaos is hidden in the plot of x 1 (t) versus x 2 (t + τ min ) because such a plot would be a line along the diagonal for a perfect chaotic lag synchronization . The spread of points about the diagonal in Fig. 3(b) thus signifies the influence of noise.
We now ask: What is the influence of noise on lag synchronization? To gain intuition, we consider the case of complete synchronization where x 1 (t)=x 2 (t) (asymptotically). To realize synchronization, the synchronization manifold x 1 (t)= x 2 (t) must be stable with respect to small perturbations transverse to the manifold [Heagy et al., 1994] . Since, however, x 1 (t)a n dx 2 (t) are chaotic, there are an infinite number of unstable periodic orbits embedded in the synchronization manifold. Typically, even when the chaotic synchronization state x 1 (t)=x 2 (t) is transversely stable, there are unstable periodic orbits embedded in it which are transversely unstable [Nagai & Lai, 1997] . Thus, when a chaotic trajectory moving in the synchronization manifold falls into the small neighborhood of one of those transversely unstable periodic orbits, it can be kicked away from the synchronization manifold by noise. This induces a temporal desynchronization between the two oscillators [Heagy et al., 1995] . But since the synchronization manifold is transversely stable, a deviated trajectory will eventually come back to the neighborhood of the synchronization manifold and stays there until it is kicked off again by noise. As a consequence, if one plots the time series ∆x(t) ≡|x 1 (t) − x 2 (t)|, one typically observes an intermittent behavior: epoches of synchronization state where ∆x(t) ≈ 0 interspersed by bursts for which ∆x(t) =0 . T h e key observation about lag synchronization is that it is characterized by the presence of a stable lagsynchronization manifold: x 1 (t)=x 2 (t + τ ). A similar argument suggests that noise will cause intermittency in the synchronization state. In particular, we expect the plot of ∆x τ min (t) to exhibit qan intermittent behavior. Figure 4 shows such a behavior observed in experiments for ε =0.023.
To assess the parameter range in which lag synchronization occurs, we have performed a large number of experiments to measure the behavior of the coupled circuits at systematically increased values of the coupling parameter ε.F o r e a c h ε value, we compute the quantities S min and τ min from the similarity function defined in Sec. 2. Figures 5(a) and 5(b) show S min and τ min versus ε, respectively. We see that S min becomes approximately zero 2 for ε>ε s ≈ 0.02, indicating synchronization for ε>ε s . However, τ min does not become zero until ε exceeds ε c ≈ 0.06. For this particular experimental configuration, intermittent lag synchronization thus occurs for 0.02 ε 0.06.
Numerical Confirmation
We now present numerical confirmation for the experimental observation. We use the following system of two coupled Rössler oscillators which was used by Rosenblum et al. [1997] to first report lag synchronization:
where a =0 .165, b =0 .2, c =1 0 .0, and ω 1,2 are parameters of oscillators 1 and 2, respectively. Rosenblum et al. [1997] used ω 1,2 =0 .97 ± 0.02 to stipulate nonidentity of the two chaotic oscillators. In order to mimic the influence of random disturbances and to maintain nonidentity (in the average sense) between the two oscillators, we choose 3 ω 1 =0.99 + δσ 1,2 (t)andω 2 =0.95 + δσ 1,2 (t), where δ is the noise amplitude, σ 1 (t)a n dσ 2 (t) are random numbers uniformly distributed in [−1, 1]. In numerical experiments, noise is added at each integration step when the differential equations are integrated. Under the influence of noise, the average system mismatch is thus ∆ω =0 .04 and we vary δ from 10 −5 to 10 0 , a wide range that covers the magnitude of the system mismatch. We find that, at small noise levels, lag synchronization is temporal and appears in an intermittent fashion, while when the noise level is comparable to ∆ω, the bursts occur so frequently that lag synchronization disappears practically. To quantify this behavior, we choose 50 noise levels uniformly distributed on a logarithmic scale in [10 −5 , 10 0 ]a n df o re a c h noise level, we compute the average time interval T between adjacent bursts by setting a threshold ∆x = ±0.08. The distributions of the time intervals T are apparently exponential so that T is well defined. Figure 6 shows T versus log 10 δ.F o r δ ≪ ∆ω, T remains at a constant, indicating an almost unchanged behavior of intermittency at small noise levels. As δ increases, we see that T drops quickly to zero when δ exceeds ∆ω.T h u s ,a tl a r g e r noise levels, bursts occur more and more frequently, causing a practical disappearance of lag synchronization. Adding noise to other parameters or to dynamical variables of the system yields similar results.
Conclusion
In conclusion, we have performed experimental and numerical studies for the phenomenon of lag synchronization. Our emphasis is on the effect of noise on the quality of lag synchronization. Our results suggest that lag synchronization usually occurs intermittently when noise is small compared with the amount of mismatch between the systems. At large noise level, lag synchronization is no longer possible and one observes a direct transition to complete synchronization at sufficiently large coupling strength. Thus, one should be cautious when attempting to observe or to utilize lag synchronization in laboratory experiments or in practical systems.
